Statistical Analysis of Interferometric Measurements of Axis Ratios for
  Classical Be Stars by Cyr, Richard P. et al.
ar
X
iv
:1
41
1.
77
01
v1
  [
as
tro
-p
h.S
R]
  2
7 N
ov
 20
14
Draft version September 6, 2018
Preprint typeset using LATEX style emulateapj v. 5/2/11
STATISTICAL ANALYSIS OF INTERFEROMETRIC MEASUREMENTS OF AXIS RATIOS FOR CLASSICAL
BE STARS
R. P. Cyr 1, C. E. Jones1, C. Tycner2
Draft version September 6, 2018
ABSTRACT
This work presents a novel method to estimate the effective opening angle of CBe star disks from
projected axis ratio measurements, obtained by interferometry using Bayesian statistics. A Monte
Carlo scheme was used to generate a large set of theoretical axis ratios from disk models using different
distributions of disk densities and opening angles. These theoretical samples were then compared to
observational samples, using a two-sample Kolmogorov-Smirnov test, to determine which theoretical
distribution best reproduces the observations. The results suggest that the observed ratio distributions
in the K-, H-, and N-band can best be explained by the presence of thin disks, with opening half-angles
of the order of 0.15◦ to 4.0◦. Results for measurements over the Hα line point toward slightly thicker
disks, 3.7◦ to 14◦, which is consistent with a flaring disk predicted by the viscous disk model.
Subject headings: circumstellar matter - methods: statistical - stars: emission-line, Be - techniques:
interferometric
1. INTRODUCTION
Classical Be (CBe) stars are fast rotating, non-
supergiant B-type stars surrounded by a thin gaseous
Keplerian disk. The majority of the distinctive spectral
features of CBe stars (such as Balmer emission lines, in-
frared excess, polarization) originates from this circum-
stellar envelope. It is now widely accepted that the disk
does not form from infalling material, as is the case in
accretion systems, but rather from outflowing material
from the central star itself, in what is sometime referred
to as a ”decretion” system.
The structure of these circumstellar envelopes has been
the subject of many studies. Behr (1959) was the first
to measure linear polarization in a CBe star, which
gave the first evidence that the envelope might have a
preferred orientation as opposed to a purely spherical
shape. Later studies performed by Dougherty & Taylor
(1992), Quirrenbach et al. (1994), Stee (1995), and
Quirrenbach et al. (1997), to name a few, confirmed that
the envelope was not spherical, but disk shaped. It is now
widely accepted that the gas envelopes around CBe stars
are in the shape of a thin disk. However, the question
remains, exactly how thin are these disks?
The thickness of the equatorial disk is often defined in
terms of the opening angle. Several studies attempted to
estimate the opening angles of CBe star disks. By com-
paring the ratio of Be-shell stars to all CBe stars, Porter
(1996) estimated the opening angles of 5◦. However, us-
ing a similar method, Hanuschik et al. (1996) estimated
an opening half-angle of 13◦. From spectroscopic and
interferometric measurements, Quirrenbach et al. (1997)
estimated the upper limit of the opening half-angle for
ζ Tau to be 20◦, whereas Wood et al. (1997) estimated
2.5◦ for the same star.
In recent years, many groups have used optical interfer-
ometry to study the shape and extent of CBe star disks.
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One common measurement is the projected axis ratio of
the disk, that is the ratio of the shortest to the longest
axis as projected in the plane of the sky (i.e. the minor
to major axis ratio).
Measurements of axis ratios have been widely used,
and still are, to investigate the geometry and extent
of elliptical galaxies (Sandage et al. 1970; Lambas et al.
1992), globular clusters (Fall & Frenk 1983) as well as
molecular cloud cores and bok globules (Ryden 1996;
Jones et al. 2001; Jones & Basu 2002). Only recently has
the number of available measurements of CBe star disk
ratios been large enough to attempt such a study for
these objects.
In this work, a new method of deprojecting the true
shape distribution of CBe star disks using observed axis
ratios is presented. We accomplish this by constructing
a set of simulated observations, using disk models and
various shape distributions, which we compare to actual
observations using Bayesian statistics.
2. OBSERVATIONAL DATA
Interferometric instruments allow us to observe objects
at a much smaller angular scale than conventional tele-
scopes. Interferometry is therefore the perfect tool to
study the shape and extent of CBe star disk. The cur-
rent generation of interferometric instruments typically
have an angular resolution of the order of milliarcsecond
(Gies et al. 2007; Tycner 2011). Despite this, the num-
ber of projected axis ratio measurements are still limited
to CBe stars within a few hundred parsecs of the Earth.
It’s important to note that interferometry does not
measure axis ratios directly, as it is not possible to di-
rectly image the disks, but instead measures the visibility
of the star/disk system for a given baseline. These mea-
surements provide information on the projected extent
of the disk along the axis parallel to the baseline used.
Once enough measurements are acquired, models of the
expected visibility curve for the CBe star system are then
applied to the observations and their parameters are ad-
justed until a best fit is found. Typical free parameters
of these models include angular size of the major and
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minor axis, from which the axis ratio can be calculated.
More details on the methodology and models used can be
found in the papers referred to at the bottom of Table 1.
All axis ratio measurements used in this work were ob-
tained through interferometric measurements and were
gathered from the literature. Measurements were se-
lected following certain criteria. Only measurements
within certain wavelength regimes were considered,
namely the K-band, H-band, N-band, and at the Hα
emission line. We also rejected axis ratios that were used
as a fixed parameter within the model fitting, as those
values were assumed prior to the measurements as op-
posed to deduced from them. Finally, we rejected mea-
surements with very high level of uncertainties (typically
those around or greater than 1.0).3
Table 1 shows the resulting compilation of observed
axis ratios. These ratios are ordered by the HR number
of their corresponding star. Also provided in Table 1 are
the common name for each star, the wavelength regime
of the observation, and the reference for each observa-
tion. Note that some author(s) used two or more differ-
ent models in order to fit the same measurements, re-
sulting in two or more ratio values for the same star. In
those cases, all ratio values were included, unless these
models were explicitly rejected by the author(s) of that
particular study.
3. THEORY
3.1. Viscous Disk Models
At present, the viscous decretion disk model is the most
widely accepted model to explain CBe star disk growth.
It was first proposed by Shakura & Sunyaev (1973) as a
way to explain the inward flow of material in accretion
disk systems, such as forming stars and black holes. The
model was later modified (Lee et al. 1991; Porter 1999;
Okazaki 2001) using the standard α-prescription theory
to include systems with outward flow of material, such
as CBe stars. The model proposes that material from
the equatorial region of the stellar atmosphere is injected
at Keplerian orbital velocity into the base of the disk by
some yet unknown mechanism. If the material is steadily
supplied by the star, it will start interacting with itself
through a process referred to as viscosity, causing parts
of the gas to slow down and settle into orbits close to
the star, and other parts to spun up and move to greater
radial distance from the star. Angular momentum will
therefore be transferred from the star and carried out-
ward into the disk.
Further understanding of this model requires solving
the hydrodynamic equations. We will not go through the
derivations in this work, however, different approaches to
solve these equations as well as their interpretations have
been presented by various authors. Carciofi & Bjorkman
(2008) looked at the solution for a non-isothermal disk,
while Okazaki (2007) and Haubois et al. (2011) described
the solution for a system with a varying mass transfer
rate. For this discussion, we will look at the results
presented in Carciofi (2011). Starting with some basic
assumptions (no self gravity in the disk, slow radial ve-
locity component, and a vertical structure in hydrostatic
3 Section 3.4 discusses how the uncertainty is used to weight
each measurement.
TABLE 1
Observed apparent axis ratios from literature.
HR Number Star Name Wavelength Ratio Reference
regime
HR 193 o Cas K-band 0.58 ± 0.10 1
HR 264 γ Cas Hα line 0.70 ± 0.02 2
0.77 ± 0.02 2
0.79 ± 0.03 3
0.58 ± 0.03 4
H-band 0.75 ± 0.05 5
K-band 0.59 ± 0.04 6
0.72 ± 0.04 1
HR 496 φ Per Hα line 0.46 ± 0.04 2
0.47 ± 0.05 2
0.27 ± 0.01 4
HR 936 β Per K-band 0.75 ± 0.04 7
HR 1087 ψ Per Hα line 0.35 ± 0.03 8
0.47 ± 0.11 2
0.54 ± 0.07 2
0.33 ± 0.01 9
K-band 0.25 ± 0.56 1
HR 1165 η Tau Hα line 0.95 ± 0.22 2
0.98 ± 0.06 2
0.75 ± 0.05 3
HR 1180 28 Tau K-band 0.74 ± 0.10 7
HR 1273 48 Per Hα line 0.76 ± 0.08 8
0.86 ± 0.18 2
0.89 ± 0.13 2
0.71 ± 0.03 9
HR 1910 ζ Tau Hα line 0.30 ± 0.03 10
0.28 ± 0.02 2
0.30 ± 0.02 2
0.31 ± 0.07 11
H-band 0.24 ± 0.14 12
K-band 0.09 ± 0.22 6
0.15 ± 0.03 1
HR 2845 β CMi Hα line 0.69 ± 0.15 3
H-band 0.76 ± 0.10 13
HR 4830 BZ Cru K-band 0.62 ± 0.01 14
H-band 0.64 ± 0.02 14
HR 5938 4 Her K-band 0.27 ± 0.08 1
HR 5941 48 Lib H-band 0.60 ± 0.11 15
HR 5953 δ Sco H-band 0.77 ± 0.21 16
HR 6510 α Ara K-band 0.37 ± 0.12 17
N-band 0.38 ± 0.18 17
0.42 ± 0.17 17
HR 6779 o Her K-band 0.44 ± 0.28 1
HR 7106 β Lyr K-band 0.60 ± 0.05 7
HR 7763 P Cyg K-band 0.85 ± 0.02 7
HR 8146 υ Cyg K-band 0.26 ± 0.13 1
0.42 ± 0.30 7
HR 8402 o Aqr K-band 0.25 ± 0.06 1
HR 8773 β Psc K-band 0.70 ± 0.15 1
References. — 1. Touhami et al. (2013); 2. Quirrenbach et al.
(1997); 3. Tycner et al. (2005); 4. Tycner et al. (2006); 5.
Smith et al. (2012); 6. Gies et al. (2007); 7. Grzenia et al. (2013);
8. Delaa et al. (2011); 9. Grzenia, B. J. (not yet published); 10.
Quirrenbach (1994); 11. Tycner et al. (2004); 12. Schaefer et al.
(2010); 13. Kraus et al. (2012); 14. Stee et al. (2013); 15. Stee et al.
(2012); 16. Millan-Gabet et al. (2010); 17. Meilland et al. (2009)
equilibrium), the following density structure equation is
obtained:
ρ(r, z) = ρ0r
−n exp[−0.5(z/H)2], (1)
where ρ0 is the density at the base of the disk, r and
z are the radial distance and height above the disk, re-
spectively (both are expressed in stellar radii), n is the
power law describing how the density falls off, and H is
the scale height of the disk. The scale height H(r) de-
pends on the sound speed inside the disk (cs) and the
Analysis of CBe Star Axis Ratios 3
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Fig. 1.— Density structure of a typical CBe star disk with a base
density of ρ0 = 10−10 g cm−3 and a fall off power law of n = 3.5,
following Equation (1). The radial (r) and vertical (z) positions
are expressed in units of stellar radii (R⋆) while the grayscale is in
units of log(ρ).
Keplerian velocity at the equator of the star (VKep):
H(r) =
cs
VKep
r3/2. (2)
Using these equations, Carciofi (2011) derives a value
of 3.5 for n in the case of an isothermal disk. However,
values ranging from 2 to 5 have been found for IR ob-
servations (Waters et al. 1987), interferometric measure-
ments (Tycner et al. 2008; Jones et al. 2008), and from
the Hα line profile modelling (Silaj et al. 2010). As an
example, Figure 1 shows the density structure of a disk
with ρ0 = 10
−11 g cm−3 and n = 3.5, based on Equa-
tions (1) and (2).
3.2. Geometry of Disk Models
Two basic disk shapes are used as models to describe
the disks of CBe stars in this investigation. For sim-
plicity, both models assume no irregularities in the disk,
meaning that we have an azimuthal symmetry (axisym-
metric disks) and a symmetry above and below the plane
of the disk (longitudinal symmetry).
The first model consists very simply of a disk whose
scale height increases linearly with radius, leading to a
wedge geometry when seen as a cross-section, similar to
the one proposed by Waters (1986). The disk is trun-
cated at a certain radius R greater than the stellar ra-
dius R⋆, and the rate of vertical increase is defined by
the opening half-angle parameter (α) which is tied to
the shape of the disk. For simplicity, it is also assumed
the disk is completely opaque inside the wedge. Figure 2
shows a cross-section of this model.
The projected axis ratio (q) for this model is a function
of two parameters; α and the inclination angle i. Consid-
ering this wedge shape disk model truncated at R, with
an opening half-angle α and is observed at i. To the ob-
server, the projected length of the axis perpendicular to
the plane of the inclination (perpendicular to the page
in Figure 2) will not be affected by the inclination, and
will simply be the length of the equatorial disk,4
L1 = 2R. (3)
The projected length of the axis in the plane of the
inclination (the cross-section depicted in Figure 2), how-
ever, will be the most affected by the inclination angle.
4 This is of course not the angular dimension, as we did not scale
for distance. However, for the purpose of this work, we are only
interested in the ratio of the axes.
i
α
Fig. 2.— Cross-sectional view of the wedge shape disk model.
The grey area represents the material of the disk. The dashed
arrows point toward the line of sight of the observer.
As Figure 2 shows, the projected length of this axis is
along the plane of the sky between the lower edge of the
disk facing toward the observer and the upper edge of
the disk, facing away from the observer. Its measured
length, for inclinations between i = 0◦ and i = 90◦, is
given by
L2 = 2R
cos(i− α)
cos(α)
. (4)
The ratio of L1 and L2 two is therefore our theoretical
projected axis ratio and is given by
q′(i, α) =
cos(i − α)
cos(α)
. (5)
Note that the dependence on the R is gone, leaving
only α and i as variables. To ensure that the ratio is
always between 0 and 1 (minor axis over major axis) the
equation
q(i, α) = 1− |1− q′(i, α)| (6)
is used.
One advantage of this model is that our axis ratio cal-
culations depend only on these two parameters. How-
ever, the shape of this model is very simplistic, and does
not take into account the density and thermal structure
nor the optical thickness of the disk, all of which play a
role in the emission processes.
For the second model, we chose a shape that is more
related to the density structure of CBe star disk, as pre-
dicted by the viscous disk model. As mentioned above,
the emission is related to disk density. We therefore de-
cided to base our model on the shape of the equidensity
(ED) regions of the disk; that is, the shape of the re-
gions where the density is uniform. Once again, we did
not take into account the thermal structure, assuming
therefore that we have an isothermal disk. By keeping ρ
constant, Equation (1) becomes an implicit function of r
and z:
℘ = r−n exp
[
−1
2
( vz
r1.5
)2]
, (7)
where ℘ = ρ/ρ0 is the ratio of the density of the region
versus the density at base of the disk, and v is the VKep
over the cs ratio. These two parameters, along with n
are the physical parameters of this model. Isolating z
from Equation (7) gives the relationship between z and
4 Cyr et al.
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Fig. 3.— Cross-sectional view of the equidensity (ED) disk model
for different density ratios (℘). From the smallest shape to the
biggest, the ℘ values are 10−3.0, 10−3.5, 10−4.0, and 10−4.5.
r:
z2 = −2r
3
v2
ln(℘rn), (8)
or,
z(r) = ±
√
−2r3 ln(℘rn)
v
. (9)
Figure 3 shows various ED regions for different values of
℘, using the same disk parameters as Figure 1.
Equation (9), however, is a rather complex function,
the complexity of which increases dramatically when tak-
ing its derivative with respect to r (which, as discussed
later, is required to calculate the projected axis ratio).
We therefore decided to use a simpler function that can
reproduce ED shape given by Equation (9). This func-
tion is described as follows:
z2 = ar2(1− br2), (10)
and the resulting shape is called a lemniscate, where a
and b are its shape parameters. Equation (10) can be
rewritten as a function by isolating z:
z(r) = ±r
√
a− abr2. (11)
In order to best reproduce the ED profile with Equa-
tion (10), the shape parameters a and b have been associ-
ated with the three physical parameters of Equation (7),
namely ℘, n, and v. Let’s define rmax and zmax as the
maximum radial and vertical extent, respectively, of our
shape, and rz such that z(rz) = zmax, i.e. the radial
position where the vertical extent is maximum. The ED
and lemniscate shapes are differentiated by the use of the
superscripts E and L, respectively. As seen in Figure 3,
z = 0 at rmax. Setting z to 0 in Equations (9) and (11),
and solving for r gives a maximum radial position for
both shapes 5:
rEmax = ℘
−1/n, (12)
rLmax = b
−1/2. (13)
Equating rEmax to r
L
max gives the following expression
for b:
b = ℘2/n. (14)
5 Multiple solutions exists for Equation (11) but are rejected as
only the maximum positive value is sought.
Equation 14 shows that the parameter b and by exten-
sion ℘ and n are the only parameters responsible for the
horizontal extent of the disk.
The maximum z extent will occur where the first
derivative of z, with respect to r, is 0. Therefore, rz
can be determined by setting dz/dr = 0 and solving for
r. We note here that, as the maxima of z2 occurs at the
same radial position as z, dz2/dr = 0 was used instead
to simplify the expressions. Applying this procedure to
Equations (8) (for the ED shape) and (10) (for the lem-
niscate shape) yields
rEz = e
−1/3℘−1/n
≈ 0.717rEmax,
(15)
rLz = 2
−1/2b−1/2
≈ 0.707rLmax,
(16)
respectively. We notice that, in both cases, the ratio of rz
over rmax is a constant value, without any dependence on
the shape parameters. The fact that these constants dif-
fer for each shape indicates that it is impossible to match
both rmax and rz at the same time. Luckily, these con-
stants differ very little from one another (less than 1.5%),
therefore the peaks can be said to be approximately at
the same position.
An expression for z2max can now be developed for both
shapes by inserting Equations (15) and (16) into Equa-
tions (8) and (10), respectively,
(
zEmax
)2
=
2
3e
n
v2P 3/n
, (17)
(
zLmax
)2
=
a
4b
. (18)
Finally, the shape parameter a can be determined by set-
ting (zEmax)
2 = (zLmax)
2 and substituting the expression
for b from Equation (14):
a =
8
3e
n
v2P 1/n
≈ n
v2P 1/n
.
(19)
Figure 4 shows the ED curve as defined by the viscous
disk model (solid line) and the lemniscate curve (dashed
line), both using the same physical parameters (n, ℘,
and v). We see that the lemniscate curve reproduces the
ED curve well at the outer edge, that is for r ≥ rz , but
not so well for r < rz. This, however, is unimportant
for the purposes of this work as only the outer region is
needed to calculate the projected axis ratio, as will be
demonstrated below.
To calculate the projected axis ratio, we must first de-
termine the length of the major and minor axes for any
i. To simplify things, we will only consider the “half-
length” instead of the full length, as the disk model is
assumed to be axisymmetric. We will also only consider
i values between 0◦ and 90◦, again because of the sym-
metry of the disk. Figure 5 shows a cross-section of our
model disk. The dashed lines represent the lines of sight
of an observer viewing the disk at an inclination angle i.
When projected onto the plane of the sky, from the
point of view of the observer, the extent of the major
Analysis of CBe Star Axis Ratios 5
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Fig. 5.— Cross-sectional view of the equidensity disk model. The
dashed arrows point toward the line of sight of the observer while
the dotted line represents the projected size of the minor axis.
axis is equal to the dimension of the disk perpendicular
to the inclination plane (perpendicular to the page in
Figure 5), which in our case is the radius of the disk.
This radius can easily be obtained from Equation (10)
by setting z = 0:
Lmajor = rmax = b
−1/2
= ℘−1/n.
(20)
The extent of the minor axis is the projected dimension
of the component of the disk in the inclination plane
(plane of the page in Figure 5). Therefore, the dimension
of the minor axis is the projection of the line segment
OT (point T being the point at which the line of sight
intersects the disk tangentially) on the plane of the sky,
which corresponds to
∣∣OL∣∣ in Figure 5. It is easy to
show that
∣∣OL∣∣ can be obtained from ∣∣OX∣∣ or ∣∣OY ∣∣ by
simple trigonometry. To obtain these points, we must
first determine the position of point T .
As mentioned earlier, T is the point on the curve whose
slope corresponds to the line of sight, in other words
where dz(r)dr = cot(i). The radial and vertical coordi-
nates at point T will be referred to as rT and zT , respec-
tively. Setting the derivative of Equation (11) to cot(i)
and solving for r gives us the rT coordinate:
rT =
√
4a− cot2(i) +
√
8a cot2(i) + cot4(i)
8ab
. (21)
We can then obtain zT by substituting Equation (21)
back into Equation (11):
zT = rT
√
a− abr2T . (22)
Either
∣∣OX∣∣ or ∣∣OY ∣∣ can now be obtained from the linear
equation using rT and zT as coordinates and − cot(i) as
the slope: ∣∣OX∣∣ = rT + zT tan(i),∣∣OY ∣∣ = rT cot(i) + zT . (23)
The minor axis can now be calculated using simple
trigonometry and either of the above equations:
Lminor =
∣∣OL∣∣
= rT cos(i) + zT sin(i).
(24)
Finally, the projected axis ratio can be calculated by tak-
ing the ratio Lminor/Lmajor:
Lminor
Lmajor
=
rT cos(i) + zT sin(i)
℘−1/n
=
rT cos(i) + zT sin(i)
b−1/2
.
(25)
Although this last equation appears to depend on both
parameters a and b, it in fact only depends on the former.
This can easily be shown by considering that both rT
and zT are proportional to b
−1/2. In other words the
projected axis ratio does not depend on the actual size of
the disk, leaving a as the fundamental shape parameter.
For this model we chose to use χ, defined as the ratio
zmax/rmax, as the shape parameter of this model. By
combining Equations (16) and (18) it can easily be shown
that the ratio zmax/rmax depends only on a and that it
can therefore be used as a fundamental shape parameter.
For simplicity, we shall call this parameter χ:
χ ≡ zmax
rmax
=
1
2
√
a
=
1
2v
√
n
℘1/n
.
(26)
The advantage of this model is that the shape used
is closely related to the viscous disk model, which as
already discussed is widely accepted as the mechanism
responsible for disk growth and therefore dictates the
shape of the density distribution of CBe disks.
3.3. Distribution of Shape Parameters
As discussed above, each model has a set of parameters
that define the shape of the disk. Our goal is to find
which shape parameter value, or range of values, best
reproduces the observed axis ratios.
The inclination parameter i is present in both models.
Assuming no preferred inclination in our population of
stars, we distribute our angles using i = cos−1(u), where
u is selected from a uniform distribution such as u ∈
[0, 1], as it was done by Cranmer (2005). As we assume
the disk is symmetric in both models, the range of i is
limited to [0,pi/2].
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A β-distribution function was used to study the distri-
bution of shape parameters. This distribution was chosen
because it is well defined and well constrained within a
finite interval. Its functional form is:
Ψβ(x;A,B) =
xA−1(1− x)B−1
β(A,B)
, (27)
where x is a continuous variable between 0 and 1, A
and B are the shape parameters and β(A,B) is the Beta
function:
β(A,B) =
∫ 1
0
tA−1(1− t)B−1dt. (28)
The shape parameters, A and B, affect the width of
the distribution and their relative values affect the posi-
tion of the peak. The greater B is compared to A, the
closer the peak will be to the lower x values, and vice-
versa. The distribution will be centred if A = B. Higher
values of either parameter results in a smaller deviation
(thinner distribution). The β-distribution can also be
parametrized in terms of the parameters µ and ν by us-
ing the following relations:
A = µν,
B = (1− µ)ν, (29)
where 0 ≤ µ ≤ 1 and ν > 0. The parameter µ in this
case represents the mean value of the distribution. The
variance of the distribution can also be expressed as a
function of these parameters:
Ψvar =
µ(1 − µ)
1 + ν
. (30)
3.4. Ratio Simulations and Comparison with
Observations
Sets of simulated axis ratios are generated using Monte
Carlo techniques. Each set consists of 106 simulated pro-
jected axis ratios using a specific model (Section 3.2)
whose shape parameters are chosen randomly for a spe-
cific distribution (Section 3.3). The parameters of the
chosen distributions are varied systematically from set
to set, allowing us to assess which distribution best re-
produces the observations.
The observed ratios were grouped into sets according to
the wavelength regime at which they were measured. The
first set includes all measurements in the K-band, which
includes 18 ratio measurements of 16 distinct stars. In an
attempt to increase the amount of data points, all mea-
surements taken in either the K-, H-, or N-band (from
now on referred to as KHN-band) were also grouped to-
gether. The reason for this grouping is that emission in
these three bands are likely formed within similar vol-
umes of the disk (Carciofi 2011) and therefore α should
be similar for all three bands. Adding the observations
in the H- and N-band adds five measurements and one
new star, for a total of 24 ratios for 17 stars. The third
and final set consists of observations acquired over the
Hα emission line (656.3 nm). This set contains 20 mea-
surements, which includes seven distinct stars.
As seen in Table 1 of Section 2 some stars have mul-
tiple ratio measurements and in some cases in the same
wavelength regime. For this reason, a weighted average
is used to reduce each of these multiple measurements
to a single value. First, an inverse-variance weighting is
applied to the measurements:
w′j =
1
σ2j
, (31)
where σj is the uncertainty of the measurement. The
weights for each individual star are then normalized in
such a way that their sums equal 1.
The degree of agreement between the observed and
simulated projected axis ratios is determined using the
two-sample Kolmogorov-Smirnov (K-S) test. This test
compares the cumulative distribution function of our
samples, both observed and simulated, and determines
whether the null hypothesis (i.e. that both samples come
from the same distribution) can be rejected or not. It
can also be used as a “goodness-of-fit” test to determine
which distribution of simulated ratios best fit the ob-
served distribution. The K-S statistic D is defined as
the largest difference between the cumulative distribu-
tion functions (CDFs) of the two samples being com-
pared, F1(x) and F2(x) (see Press 2007, for further de-
tails):
D = sup
x
|F1(x)− F2(x)|. (32)
The significance level of D can be estimated by the fol-
lowing function:
PD ≈ QKS(λ) = 2
∞∑
j=1
(−1)j−1e−2j2λ2 , (33)
where
λ = D
(√
N + 0.12 + 0.11/
√
N
)
, (34)
and N is the effective number of data points, derived
from the number of data points in each sample (n1 and
n2),
N =
n1n2
n1 + n2
. (35)
The null hypothesis can be rejected (i.e. the samples do
not come from the same distribution) if PD is below the
significance level α. For this work, we used a significance
level of 10% (α = 0.1).
4. RESULTS
4.1. Wedge Model
We first compared the observed ratios with the simu-
lated ratios obtained using single values of α, that is no
distribution was used. Figure 6 shows the results of the
K-S test between the observed and simulated ratios as
a function of α, for all three observational sets; K-band
(solid), KHN-band (dash), and Hα line (dot). The grey
line represents the 90% confidence limit for this test.
For the K- and KHN-band, the model best reproduces
the observations when small α values are used, that is
for α of 0.15◦ and 0.32◦, respectively. After these max-
ima, the probability goes down exponentially, reaching
the confidence limit at 9.21◦ for the K-band and 7.94◦
for the KHN-band. For Hα observations, the model best
matches the observations at α = 3.7◦, a value higher
than the α found for the other two sets of observations.
We also have a greater range of α within the confidence
limit, which is reached at 28◦
Analysis of CBe Star Axis Ratios 7
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Fig. 6.— K-S test results for simulated data with single α val-
ues for measurements in the K-band (solid line), the KHN-band
(dashed line), and the Hα line (dotted line). The grey line repre-
sents the 90% confidence limit of the test.
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Fig. 7.— Results of the K-S comparison test between the K-band
set and the β-distributed simulation, using the wedge model, as a
function of the µ and ν parameters. The dashed line shows the
contour of the 90% confidence limit.
Although these single-α simulations give us a good idea
of the opening angle of our disks based on this simple as-
sumed geometry, it is more probable that the opening
angle of these disks are not all the same, but rather dis-
tributed over a certain range of angles. In order to take
this into account, we repeated our simulations with α val-
ues randomly picked following a β-distribution (see Sec-
tion 3.3) with different pairs of distribution parameters,
µ and ν, for each set of simulated ratios. The domain of
the β-distribution, which is typically [0,1], was extended
to match the range of α. Once again, these simulated
sets were compared with the observed ratios.
Figures 7, 8, and 9 show results of the K-S test for
the K-band, KHN-band, and Hα sets, respectively, as
a function of the beta distribution parameters µ and ν.
The dash line shows the contour of the 90% confidence
limit.
All three figures show a similar trend. The results of
the K-S test seems to vary with µ but not, or at least
not significantly, with ν. This would indicate that the
goodness of the fit depends almost entirely on the mean
value of distribution of α but not its variance. For both
the K- and KHN-band, the highest values of the K-S
test results are located at low µ values, corresponding to
β-distributions greatly skewed toward low α values and
therefore thinner disks. For the Hα set, the best fits
appear at somewhat higher µ values, which correspond
to a larger α (thicker disk). Interestingly, the highest
K-S test results for all three sets occur at same mean α
(µ) values as the results of the previous test; 0.15◦ for
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Fig. 8.— Same as Figure 7 except for the KHN-band set.
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Fig. 9.— Same as Figure 7 except for the Hα set.
the K-band set, 0.32◦ for the KHN-band set, and 3.7◦ of
the Hα set.
The difference in the distributions of α from the K-
and KHN-band sets, and the Hα set is expected. Carciofi
(2011), have estimated that emission in the K-band, as
well as in the H- and N-band, are formed in a much
smaller volume of the disk near the star than the Hα
emission. Moreover, as discussed in Section 3.1, the vis-
cous disk model predicts a flaring of the disk, meaning
that we expect the effective opening angle to be greater
farther away from the star.
4.2. Equidensity Model
Like the previous model, we start by comparing the
observed ratios with simulated ratios obtained using sin-
gle values for our shape parameters, which for this model
is χ. Figure 10 shows the results of the K-S test between
the observed and simulated ratios as a function of χ.
Once again, the K-band, KHN-band, and Hα line sets
are represented by the solid, dashed, and dotted lines,
respectively, while the grey line represents the 90% con-
fidence limit.
For the K- and KHN-band, the best fit occurs at small
values of χ, that is 0.024 and 0.037, respectively, while
the best fit for the Hα set occurs for χ = 0.18, a value
higher than the previous two. The range of χ includ-
ing the confidence limit is also smaller for the K- and
KHN-band (from 0 to 0.26 and 0 to 0.28, respectively)
than Hα (from 0 to 0.45). One notable feature is the
small plateaus found near the end of each curve. These
features are a result of the absence, in our samples, of
observed axis ratio ranging somewhere between 0.25 and
0.45 depending on the observation set, which causes the
maximum deviation between the observed and simulated
CDFs to take similar values for a certain range of χ val-
ues.
For the next step χ was varied over a β-distribution.
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Fig. 10.— K-S test results for simulated data with single χ values
distribution for measurements in the K-band (solid line), the KHN-
band (dashed line), and the Hα line (dotted line). The grey line
represents the 90% confidence limit of the test.
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Fig. 11.— Results of the K-S comparison test between the K-
band set and the β-distributed simulation, using the ED model, as
a function of the µ and ν parameters. The dashed line shows the
contour of the 90% confidence limit.
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Fig. 12.— Same as Figure 11 but for KHN-band set.
The results of the K-S test using the equidensity model
are presented in Figures 11, 12, and 13 for the K-band,
KHN-band, and Hα sets, respectively, in the same fash-
ion as Figures 7, 8, and 9 in the previous section.
Similarly to the results presented in the previous sec-
tion for the wedge model, the K-S test results vary pri-
marily with µ and are mostly independent of ν. An ex-
ception to this can however be seen in the lower part
of Figure 9 for ν < 10. Once again we see that the
model better fits the K- and KHN-band observations
when lower χ are used, while the Hα line observations
are best fit with a higher χ. These results, as well as the
results of the single χ simulation, agree with the results
of the previous model. Assuming constant n and v val-
ues, Equation (26) shows that lower χ’s corresponds to
a higher density ratio (℘). As we can see from the den-
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Fig. 13.— Same as Figure 11 but for Hα set.
sity structure of the viscous disk (Figure 3), ED regions
with lower densities extend further away from the star
and appear more ”puffed up” vertically than regions of
higher density. This means that these low density ED
regions have a higher effective opening angle. There-
fore, according to the equidensity model results, Hα line
comes from regions with a greater vertical extent, and
therefore greater effective opening angles, than the KHN-
band emitting regions.
To better compare the results of both models, we ex-
pressed the results of the ED model in terms of the ef-
fective opening half-angle, αeff. We define αeff to be the
angle between the base of the disk and the line going
from the origin to the highest vertical point. The co-
ordinates of this point are rz and zmax, as defined in
Equations (16) and (18), respectively. The values of αeff
can then be obtained using simple trigonometry;
αeff = arctan
(
zmax
rz
)
. (36)
Furthermore, Equation (16) tells us that we can express
rz as a function of rmax, allowing us to rewrite Equa-
tion (36) in terms of χ;
αeff = arctan
(
zmax
2−1/2rmax
)
= arctan
(√
2χ
)
.
(37)
Using Equation (37) and the results for the ED model
presented above, the αeff for the K-band, KHN-band,
and Hα line set are estimated ata 1.9◦, 3.0◦, and 14◦,
respectively, with a confidence interval ranging from 0◦
to 20◦ from the K-band, 0◦ to 22◦ for the KHN-band, and
0◦ to 32◦ for Hα. As we can see the ED model predicts
larger opening angles than the wedge model; four times
greater for Hα and up to an order of magnitude greater
for the K- and KHN-band sets.
Using the results of the ED model, the radial extent of
each emitting region can also be estimated. By combin-
ing Equations (20) and (26), we can express the radial
extent (rmax) as a function of χ:
rmax =
4χ2v2
n
. (38)
We see that the maximum extent of any region defined
by χ is dependent on the parameter n and v, meaning
rmax is also dependent of the stellar and disk parameters
as well as its rotational velocity. To compare with previ-
ous work in the literature, we decided to adopt a value
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of 3.5 for n (see Section 3) and the stellar parameters of
a B1V star (obtained from Cox (2000)) rotating at 92%
of critical angular velocity, the same parameters used by
Carciofi (2011). Using these parameters, v is calculated
to be 50.4.
For the K-band and KHN-band set, the maximum ex-
tent is estimated to be about 2 to 4 stellar radii. This
result closely matches the results of Carciofi (2011), who
found the K-band emission is contained within 6 stel-
lar radii6. For the Hα line set, the estimated extent is
between 80 and 90 stellar radii, which is slightly larger
than the 50 to 60 stellar radii determined by Carciofi
(2011). One possible cause for these differences could be
attributed to a change in the power law n. Although the
viscous disk model presented above assumes that density
structure of the disk is controlled by a constant power law
of n, some authors have suggested that n might not be
constant throughout the disk, but could vary with radius
(Zorec et al. 2007; Carciofi & Bjorkman 2008). We note,
for example, that increasing the value of n will result in
a smaller extent closer to that determined by Carciofi
(2011).
5. DISCUSSION AND CONCLUSION
For the first time, the geometry of CBe star disks
were inferred from the deprojection of axis ratio mea-
surements. A total of 49 ratio measurements from 20
distinct stellar sources collected from the literature were
used. These ratios were measured with interferometry in
either the K-, H- or N-band, or over the Hα emission line.
These observations were compared to simulated axis ra-
tios calculated from two disk models; the wedge model,
a simple model characterised by an opening half-angle
similar to the one proposed by Waters (1986), and the
equidensity model, whose shape is derived from the vis-
cous disk model. A Monte Carlo technique was employed
to generate a large number of simulated ratios, which
were compared to the observation by applying Bayesian
statistics in order to infer which model best reproduces
these observations.
For the emission regions in the KHN-band, we found
that our models can best reproduce the observations with
opening half-angles of 0.15◦ to 0.32◦ (wedge model) and
1.9◦ to 3.0◦ (equidensity model) with a confidence in-
terval ranging up to 9.2◦ and 22◦, respectively. Angles
of 3.7◦ to 14◦ were found to best reproduce the obser-
vation in Hα with confidence interval ranging up to 28◦
for the wedge model and 32◦ for the equidensity model.
We note that the best fit results are in close agreement
with the the opening angles of 2.5◦, 5◦, and 13◦ found by
Porter (1996), Wood et al. (1997), and Hanuschik et al.
(1996), respectively, and are below the upper limit of 20◦
determined by Quirrenbach et al. (1997).
Opening half-angles were also found to be systemat-
ically smaller for the KHN-band emission region than
the Hα region. This also agree with predictions, as the
viscous disk model predicts that the scale height of CBe
star disk increases with distance from the star (Bjorkman
1997). The greater opening angle for Hα therefore sug-
gests that its emission region extends to greater distances
than the emission region of the KHN-band, which is con-
sistent with the findings of Gies et al. (2007) and Carciofi
6 See figure 1 of Carciofi (2011).
(2011).
The extent of the emitting regions for a model star were
also estimated, from the results of the ED model, and
compared with the results of Carciofi (2011). The extent
of the KHN-band regions were found to be constrained to
a small area close to the star, within 2 to 4 stellar radii.
The Hα emitting region on the other hand was found to
have a much greater area, ranging from 80 to 95 stellar
radii. Again, these results agree well with the findings
of Carciofi (2011), who estimated the emitting regions of
the K-band and Hα line to be ∼5 to 6 and ∼50 to 60
stellar radii, respectively.
In this study, a standard distribution of inclination an-
gles (as described in Section 3.3) was assumed, without
accounting for observational limitations. Due to the lim-
its in resolution power of interferometric measurements,
the minor axis of stars seen at high inclination angles
(close to equator-on) are less likely to be resolved. This
implies that stars with small axis ratios (seen at high
inclination) are expected to be under-represented com-
pared to other stars in the sample and that the number
of high-inclination stars, and consequently the number
of small ratios, in our simulations may be systematically
overestimated.
Our results could also be affected by the visibility mod-
els applied to the interferometric observations. As men-
tioned in Section 2, theoretical models of the visibility
of CBe star/disk systems are applied to observations in
order to obtain axis ratios. This means that assumptions
have already been made on the general shape of the disk
and therefore, the results of this study depend on the
interferometric models used.
Finally we note that our models do not take into ac-
count the optical thickness of the disk and its effects on
the projected axis ratios. Since photons emitted at dif-
ferent locations in the disk have to go through different
amounts of material before escaping, light coming from
the same equidensity region may not have the same in-
tensity once it reaches us. This could have an effect on
our results. To test the significance of this effect, we
calculated the optical depth of a disk based on simple
isothermal models. For inclinations of 70◦ or lower, we
found that the ratios calculated with differed by no more
then 0.02 from the ratios calculated by ignoring optical
depth effects, a difference smaller than the uncertainty
of the majority of the observations (see Table 1). The ef-
fect is more significant for the equator-on case, where we
found differences of up to 0.1 between ratios calculated
with and without optical depths. Although this differ-
ence is larger than seen for lower inclinations, it is still
within the order of magnitude of most of the uncertain-
ties in the observed axis ratios.
In conclusion, we found that the results of our de-
projections are consistent with the current understand-
ing of CBe star disks. The opening angles were found
to be small, supporting the findings of Porter (1996),
Wood et al. (1997), and Hanuschik et al. (1996). We
were also able to confirm that Hα line emission is formed
in a much larger volume of the disk than emission from
the KHN-band, as predicted by Carciofi (2011). We
can therefore conclude that the deprojection method pre-
sented in this work can be a very useful tool to obtain
information about the size and geometry of CBe star disk
based on measured axis ratios.
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